ABSTRACT: Let R be a finite commutative ring with unity 1 = 0. The restricted unitary Cayley graph induced from the squared mapping is the graph whose vertex set is R and whose edge set is {{a, b} : a, b ∈ R and a − b ∈ TR}, where TR = KR(R × ) 2 and KR = {a ∈ R × : a 2 = 1}. We study the structure of our graph HR and determine its eigenvalues and energy.
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PRELIMINARIES
Let R be a finite commutative ring with unity 1 = 0.
The unitary Cayley graph of R, G R = Cay(R, R × ), is the Cayley graph whose vertex set is R and whose edge set is {{a, b} : a, b ∈ R and a − b ∈ R × }, where R × denotes the group of units of R. Consider the exact sequence of groups
where θ : a → a 2 is the square mapping on R × with kernel K R = {a ∈ R × : a 2 = 1} and (R × ) 2 = {a 2 : a ∈ R × }. Note that K R consists of the identity and all elements of order two in
Define the subgraph H R of the unitary Cayley graphs by H R = Cay(R, T R ), in which two vertices are adjacent if and only if their difference is in T R . Since −1 ∈ T R , the graph H R is undirected. In addition, we observe that if |R × | is odd, K R = {1} and R × = (R × ) 2 , so H R = G R . All finite rings R with group of units R × having an odd number of elements are completely determined 1 . The motivation of the graph defined above comes from the quadratic unitary Cayley graph
2 ) introduced by Beaudrap 2 . He bounded the diameter of such graphs and characterized the conditions on n for Cay(Z n , ±(Z × n )
2 ) to be perfect. When n = p s , where p is a prime and s ∈ N, his graph and our graph coincide. The main purpose here is to obtain the eigenvalues and energy of the graphs using an approach similar to Ref. 3 . Now we give an example. Let q be a prime power such that q ≡ 1 mod 4. The Paley graph is the graph whose vertex set is the finite field F q with q elements and whose edge set is {{a, b} : a, b ∈ F q and a
The congruence condition on q implies that −1 is a square in F q and hence
2 . Thus the Paley graph is H Fq .
A k-regular graph G with v vertices is said to be strongly regular with parameters (v, k, λ, µ) if there are integers λ and µ such that (i) every two adjacent vertices have λ common neighbours, and (ii) every two non-adjacent vertices have µ common neighbours. For a graph G, its eigenvalues are defined to be the eigenvalues of the adjacency matrix of G. The set of all eigenvalues of G is called the spectrum of G. We can explicitly determine the eigenvalues of a strongly regular graph by using the following lemma.
Lemma 1 ( §10.2 of Ref. 4)
A strongly regular graph with parameters (v, k, λ, µ) has exactly three eigenvalues: (i) k whose multiplicity is 1;
It is well known that the Paley graph is strongly regular as we recall in the next lemma. Hence we obtain its eigenvalues from Lemma 1. As is standard, if 
The sum of absolute values of all eigenvalues of a graph G is called the energy of G and denoted by E(G). The energy is a graph parameter stemming from the Hückel molecular orbital approximation for the total π-electron energy (for a survey on molecular graph energy see, e.g., Ref. 5). This concept was introduced in Ref. 6 and later studied intensively 3, 7-9 .
Lemma 3 If q is a prime power congruent to 1 modulo 4, then E(
The following theorem gives the eigenvalues and the energy of unitary Cayley graph of R. 
, and E(G R ) = 2|R × |. In particular, if F is the field with q elements, then 
In what follows, we shall study the energy of H R when R is the ring of integers modulo n and R is the quotient ring of polynomials over finite fields. We prove the main theorem in the next section. The final section provides some computational examples using elementary number theory.
MAIN RESULTS
Let R be a finite commutative ring. Then R can be expressed as a direct sum of local rings, that is, R = R 1 ×R 2 ×· · ·×R k , where R i is a local ring. Note that
In addition,
This proves the following decomposition theorem.
Theorem 3 Let R be a finite commutative ring. If R = R 1 × R 2 × · · · × R k and R i is a local ring for all i ∈ {1, 2, . . . , k}, then
The above theorem tells us that we can concentrate only on H R when R is a local ring.
Let R be a finite local ring with unique maximal ideal M . Then |R| = p l for some l 1 and p is a prime number. Note that the kernel of the homomorphism ϕ :
m for some m < l, and |M | = |1 + M |, we have the result that 1 + M is the Sylow p-subgroup of R × . Hence,
Assume that p is an odd prime. The above observation gives K R = {±1} and leads us to distinguish two cases. If −1 is not a square in R, then K R (R × ) 2 = R × and H R = G R . Next, we suppose that −1 is a square in R. Since |1 + M | = p m and p is an odd prime, we have
Then for each a ∈ R, there is a unique i and www.scienceasia.org m a ∈ M such that a − r i = m a . This yields the bi-
where K |M | is the |M |-complete graph with a loop on each vertex. Note that H R/M is a Payley graph. Furthermore, we know that the adjacency matrix of the |M |-complete graph with a loop on each vertex, K |M | , is the |M | × |M | matrix of ones, so
and E(K |M | ) = |M |. Hence Lemma 3, Theorem 1 and Theorem 2 complete our main conclusions.
Theorem 4 Let R be a finite local ring with unique maximal ideal M of characteristic odd prime p.
where K |M | is the |M |-complete graph with a loop on each vertex. Moreover, if |R/M | = p t , then
2 .
EXAMPLES
In this section, we provide two computational examples of Theorem 4 using elementary number theory. We present the results when R = Z n , the ring of integers modulo n and R = A/f A, where A = F q [x], q = p s an odd prime power, s 1, and f is a nonconstant polynomial in A.
Quadratic residues of n Let n > 1 be a positive integer. We write G n = G Zn and H n = H Zn . We study the structure of the graph H n and obtain its energy using the results discussed in the previous sections.
As usual, our work will start with the case when n is a prime power. For p = 2, if s = 1, it is immediate that
2 = {1}, and thus T 2 2 = {±1} and 
